Proof of the Limits of Sine and Cosine at Infinity

Jonathan W. Tooker
November 7, 2018



ABSTRACT

We develop a representation of complex numbers separate from the Cartesian and polar rep-
resentations and define a representing functional for converting between representations. We
define the derivative of a function of a complex variable with respect to each representation
and then we examine the variation within the definition of the derivative. After studying the
transformation law for the variation between representations of complex numbers, we show
that the new representation has special properties which allow for a consistent modification
to the transformation law for the variation which preserves the definition of the derivative.
We refute a common proof that the limits of sine and cosine at infinity cannot exist. Then
we use the newly defined modified variation in the definition of the derivative to compute
the limits of sine and cosine at infinity.
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1 Development of C

1.1 Properties of real numbers R
Definition 1.1.1

A real number z € R is a cut in the real number line.

Definition 1.1.2

A cut in a line separates one line into two pieces. For the real number line, a number sepa-
rates all real numbers onto a set of “smaller” real numbers and a set of “larger” real numbers.

Theorem 1.1.3

All functions of the form

f: R — R, with flxy=mz+b , mbeR |, m#0 |,

are one-to-one.

Proof:
We say f is a one-to-one function when

f(z1) = f(z2) — Ty =Ty .

Evaluation of f(z) at z; and x5 yields

mx; +b=mxzs+b — T, =Xy .

All such functions f are one-to-one.



1.2 Properties of extended real numbers R
Definition 1.2.1

The extended real numbers are

=]
I

Definition 1.2.2

The oo symbol is such that for n € N and x,, > 0

r, € R :  lim x, = diverges — z, €R lim x, =00 .
n—00 n—00
Definition 1.2.3
The additive absorptive properties of 400 are such that
V beR 3 +00€eR : 4oo+b==400 .
Definition 1.2.4
The multiplicative absorptive properties of oo are such that
VvV beR , b>0 3 +oo€eR +00 x b= +00 .

Definition 1.2.5

oo does not have an additive inverse so

00 — 0o = undefined .

Definition 1.2.6

oo does not have a multiplicative inverse so

g undefined .
00

= RU{too} .



Remark
Even while co does not have the inverse composition properties of the real numbers, R has

the useful property that one may use numbers on both sides of divergent limits. oo is a
special number that R was conceived to accommodate.

Theorem 1.2.7

Not all functions of the form

f:R —- R, with fxy=maz+b , mbeR , m#0 ,

are one-to-one.

Proof

To show a contradiction with the definition of a one-to-one function, consider m = oc.
By the absorptive properties of co

flz1) =00x1+b=00 |, and f(zg) =00x9 +b=00 |,

but
o0 = 00 @ T1 = T2

Therefore, functions of this type are not always one-to-one. We might show the same
contradiction with b = oo.

1.3 Properties of modified extended real numbers R
Definition 1.3.1

Later we will show that a certain class of R are also R numbers (Main Theorem 1.3.10.) To
distinguish what are usually called R numbers from this new class of R numbers, define Ry
as real numbers which can be written without including an infinity symbol.



Definition 1.3.2

Modified extended real numbers are

R = {+5+b:beRy,b#0} .

They have the properties that

V 2€R 3 beRy , b#£0 : z=430+b ,
and
z, €R , >0 : lim z, = diverges — r, €e RU{ec} : limxz,=020 .
n—o0 n—oo

Definition 1.3.3

The hat symbol on o0 is an instruction to delay the additive absorptive operation of co as
long as possible within the freedom allowed by the order of operations.

Remark

Numbers of the form

r=aoc0+b , with a,beRy , a#+£l , b#0 ,

can be recast as R numbers by applying the multiplicative absorptive properties of oo. To
the contrary, numbers of the form

rT=a0+b , with b

I
o

cannot be cast as R numbers.

Example 1.3.4




By delaying additive absorption we may define unique numbers of the form

r=400+0b ,

but there are certain instances in which additive absorption cannot be postponed. Consider
two series

n n
mn:E n and yn:co+g n .,
n=1 n=1

where is ¢g is some non-zero real number. Applying the definition of a0 (Definition 1.3.2)
we obtain

lim z, = o0 , and lim y, =0 ,

but we may also write y,, as

Yn = Co + Ty

Then we may take the limit as

lim y, = lim ¢y + 2, =cy + 0 .

This delivers a contradiction to implicit uniqueness of R numbers through

o0 =00+ ¢

In this instance, we take the instruction from Definition 1.3.3 and notice it is no longer
possible to delay the additive absorption. Therefore, we must remove the hat such that

—

o0 =00+1 — co=00+1

and the contradiction is avoided by additive absorptive property of oo (Definition 1.2.3.)



Remark

Since we have removed the hat at the end of Example 1.3.4, there is no absolute need to re-
place Definition 1.2.2 with the limit property of Definition 1.3.2. We do so only for simplicity
of notation: every infinity in R is +55. We might take two different infinites 30 and oo such
that the former is never additively absorptive and latter always is but for the purposes of
finding the limits of sine and cosine at infinity it will be sufficient to use a single symbol 56
with the instruction to delay additive absorption as long as possible. If is no contradiction
is induced by avoiding the additive absorption operation altogether then the instruction in
Definition 1.3.3 tells us to avoid it altogether.

Definition 1.3.5

R numbers are such that

r, €R : lim x, = — r, € R : lim z, = diverges |,
n—oo n—o0

because o0 ¢ R.

Remark

Since o0 ¢ HA%, the issue demonstrated by Example 1.3.4 cannot be a problem in the analysis
of R. If we wanted to infinitely continue R — R in the fashion of R — R such that

R : lim z, = diverges — R : limz, =020 ,

then we would mirror the extension of

R — RU{+o0} ,

with

{£c0+b:beRbA0} — {£x+b:beR}

where the case of b = 0 defines a special number o0 without an additive inverse.



Definition 1.3.6

The operations 50 — 60 and 50/00 are undefined.

Definition 1.3.7

Since we have not defined a composition law for o0 + b, expressions of the form o0 + b are
defined by self-identity.

Definition 1.3.8

R is defined such that for any positive real numbers a,b € Ry

(56 —a) > (50— b) = a<b .

Definition 1.3.9

The number &0 is a cut in the modified extended real number line because it separates all
modified extended real numbers into two groups as

o—b<oo<oo+b , where beRy , b>0 ,

and trivially

—x0+b<x—b .

The numbers oo and o0 are defined to be the same number.

Main Theorem 1.3.10

R numbers of the form

x:(iBBZFb) , with beRy , b>0 |,

are R numbers.



Proof
By Definition 1.3.8, R is defined such that for any a,b > 0 with a,b € Rg

(50 —a) > (0 —b) = a<b .

We can add a to both sides to derive

x> (0—b+a) , and a<b <= (b—a)>0

Therefore, we see that numbers of the form

x:(j:SSZFb) , with beR , b>0 ,

are cuts in the extended real number line R which are not equal to infinity. By Definitions
1.1.1 and 1.1.2, all such z are in R.)

Definition 1.3.11

The multiplicative absorptive properties of 400 are such that

V beRy , b>0 3 +£0€R : +ooxb=+0 .

Definition 1.3.12

R numbers are such that

0+a=0+b — a=1>b .

Definition 1.3.13

The additive composition law for R+ Ry is

(£30+a) + b=+ + (a+b)



Definition 1.3.14

The additive composition laws for R+ R are
(£ +a) 4+ (£0+b) = +250 + (a+b) = £5 + (a + b)

(5+a)+(—0+b)=a+b ,

where

o~

200 =00 ,

follows from the absorptive properties of 50 (Definition 1.3.11.)

Definition 1.3.15

The additive composition laws for R + 30 are
(£ +a) 50 = (£ + a)

(165+a):1:65:a )

Remark

A good way to visualize modified extended real numbers is to write

-~

r eRy = r = 0+x ,

where x measures distance from the origin 0 with the hat as an instruction not to let 0 be
absorbed. We may transfinitely extend the real number line to include the points at infinity
and an interval beyond such that +o0 are the origins of R. By Definition 1.3.2 we have
+00 ¢ R so they are not origins in the traditional sense but in analogy we have

~

reR — r = 4o0+0b

10



where b measures distance from 00 located infinitely far away from the Cartesian origin 0.
In particular, this makes a lot of sense for the additive identity (Definition 1.3.14)

(50+a)+ (5+b) =50+ (a+b)

Also note that we have mentioned functions of the form

y(x) =mx+0b |

because the function which shifts the origin 0>

f b — +b,

is a case of the same.

Theorem 1.3.16

The additive composition laws for R do not require an additive inverse for oo.

Proof
Consider the additive composition of two R numbers

1’1:65"‘[)1 s and IQZ_@—i_bQ s

such that

1‘1+.T2:0 .

The case of by = —by = 0 is ruled out by the definition of R (Definition 1.3.2.)

Theorem 1.3.17

11



All R numbers have an additive inverse.

Proof
Consider the case of b = —a in the identity (Definition 1.3.14)

(35+a)+(—-0+b)=a+b .

Then

V z=+a 3 2'=—-—a : x+2=0.

This is the definition of the additive inverse.

Remark

Operations of the form R + 30 — 50 are undefined because 50 — o0 is not defined. Add 39 to
both sides of the identity (Definition 1.3.15)

(C+a)—x=a ,

to obtain

(0+a)—-X+x0=a+x .
By adding the quantity in parentheses to either of 00 first, and then adding Fo0, we may
obtain two different values

[(0+4a) -] +0=a+ , and [(5+a)+30] —0=a

To the contrary of R +30 — 9, expressions like (@—i—@) — 00 and (f@ —30) + 0 are perfectly
well defined because the order of operations is specified by the bracketing.

12



Theorem 1.3.18

All functions of the form

f: R —» R, with f@)=mz+b , mbeRUR , m#0 ,

are one-to-one.

Proof

Consider m = o0 + a; and b = o0 + ay. By the additive and multiplicative properties of
o0 we find that

flz1) = (04 a1)z1 + (30 + a2) = (0 + ar21) + (K6 + az) = 50 + (121 + az)

f(z2) = (30 + a1)xa + (30 + az) = (0 + a1x2) + (30 + az) =0 + (a122 + as)

By Definition 1.3.12, we have

0 + (alxl + (12) =00+ (alxg + ag) — T, =Ty .

The case of m,b € R was treated in Theorem 1.1.3, so we have shown that all such func-
tions are one-to-one.

1.4 Properties of modified extended complex numbers C
Definition 1.4.1

Complex numbers are

C = {z+iy:z,yeR} .

Definition 1.4.2

Define a class of complex numbers

13



Co = A{x+iy:zyeRy} .

Definition 1.4.3

As oo and o0 do not absorb —1, they do not absorb #+i. We have four distinct compound
symbols {£050, +i 50} when positive real infinity is written as +o0.

Definition 1.4.4

Extended complex numbers are

C = {z+iy:z,ycR} .

Definition 1.4.5

Modified extended complex numbers are such that

C = {X+ix+2,-X+i5+7Z:7€CyIm(Z)+0,Re(2) # 0} .

Definition 1.4.6

Infinitely continued modified extended complex numbers C are such that

ol

= Cu{Im(Z)=0,Re(Z) =0} .

Definition 1.4.7

The additive composition laws for C+ Cy are
(0+ixx+2Z)+z=0+i0+ (Z + 2)

(—-X+ixo+2Z)+z2=-X+i0+ (Z+2)

14



Definition 1.4.8

The additive composition laws for C 4 50 and C =+ i 59 are

(0+ixx+2)+xX0=0+ix+~Z

(0+tixx+Z)FX=+ixo+Z

(0+tixx+2Z)+ico=0+ix0+Z

(X+tixo+2Z)Fic=x+7 .

Remark

The additive properties of C + C are implicit in the other composition laws.

Definition 1.4.9

For two modified extended complex numbers

21 =00+100+ 2, and

we have

21 = %9 <

Definition 1.4.10

Any sequence of the form

2, €C | z, =z, + 1y, , with

is such that

15

22:654—7,654‘22 s

Z1:ZQ .

Tn,Yn ER

TnyYn >0,



lim x, = diverges
n—oo

2, €C , — ZHEE lim z, =00 +i00 .
n—oo
lim y,, = diverges
n—oo
Corollary 1.4.11
C is the complement of C on the Riemann sphere S%.
Proof
A is the complement of B on S? if and only if
S? = AUB , and ANB=0 .

The Riemann sphere is obtained from C by adding a point for infinity to both ends of
the real and imaginary axes and then imposing conditions

+oo =00 , and +ico =00 .

When we say, “C on the Riemann sphere,” we mean the limit of C where +00, +i 00 — 0.
Considering the usual association between the Riemann sphere and the extended complex
numbers C (Definition 1.4.4)

C = {z+iy:z,yeR} .

it follows that

S? {C: 400 — o0, ico — oo} .

Imposing these conditions on C as defined by Definition 1.4.5, namely

C = {(X+iX+2Z,-0+ix0+7:7¢€Co,Im(Z)+#0,Re(Z)#0} ,

16



gives

{C: 4 = 00,+i0 0} = {oo} .

Since it is the definition of the Riemann sphere that

S$* = CuU{co} ,

we can use the definition of the complement to write

S? = CU{C:+3 — o0, +i0 — oo} | and Cn{occ}=0 .

Therefore, C is the complement of C on the Riemann sphere.

A

1.5 Properties of modified complex numbers C
Definition 1.5.1

Modified complex numbers C shall be such that for every 2’ € Cy of the form

d=x+iy

there is a corresponding number 2z € C. Modified complex numbers are defined as

(2 + iy ™ if y>0
2= it y=0 where v (y) : Ry — R,
lx — 1y~ if y<0
with
vy (y)=5-y , and y (y)=5+y .

17



Theorem 1.5.2

C numbers are such that

ZEC, 2=z +iy* — 0<yt<oo .
Proof
Definition 1.3.14 gives

133]] = oo .

y* are such that

v Ry — R, and y*=(5Fy) , yeR, .

By the definition of I@, yT = o0 and y* = 0 are not allowed. For any a,b € R, with
a,b > 0 we have from Definition 1.3.8

(50 —a) > (o0 —b) = a<b ,
wherein a,b > 0 is required by the restriction of the domain of y*(y) in z = x + iy*

(Definition 1.5.1). This shows that y* increases as ||y|| decreases. Therefore,

supy™ = y*(inf |[y]|) .

y € Ry gives

inf||y|| =0 — supyT =0 —0=30 .

y* € R and 30 ¢ R. To show that y* is always greater than zero, consider that

V beR , ao>b — o—b>0 .

18



Remark
When we use

z2eC = z=re? | rdeR ,

where

r(x,y) = Va2 +y? and O(z,y) = tan~?! (E) :

we do not need to define an entire new class of analysis with some variant of C, call it C’,
to distinguish it from

zeC — z=x+1y , r,yeR .

In @, we did not add the point at infinity to C but we did take away the points along the
real and imaginary axes of C because y*(£0o0) = 50 — o0 is undefined. Therefore, a unique
construction requires a unique label. With regards to C, however, we have neither added
the point at infinity nor taken away any points so there is an argument to be made that

~

C = C.

2 Properties of C

2.1 Definition of a representation of complex numbers C
Definition 2.1.1

(z,y)) is the Cartesian representation of C in which

(v, y) = +iy .

We say

(z,y) = 2@y = x+iy .

19



z(x,y) is a complex valued function of two real variables and we call x + iy the analytic form
of the Cartesian representation of C.

Definition 2.1.2

(z2,92)) is a representation of C if and only if (1, y)) is a representation of C and there
exist two conversion functions

X9 = $2($1,yl) ) and Y2 = y2($1ay1) )

whose domains are all of C.

Theorem 2.1.3

((r,0)) is a representation of C.

Proof

((z,y)) is a representation of C and we have two conversion functions
tan~! (Q) if ©#0
T
r(z,y) = vVar+y? and O(z,y) = g if =0, y>0

if =0, y<0

((r,0)) is a representation of C because all of C is in the domain of the conversion func-
tions.

Remark
Due to the freedom to choose the sign of \/y? we might add a rule to the definition of

6(z,y) to be more explicit and we might even define different representations for the sign
permutations.

20



Definition 2.1.4

If (x1,71)) and ((z2,y2)) are two representations of C then there exists a representing func-
tional of two conversion functions

a1, 0)] = (2,00) = (22,52)

where

r1(r2,72) : (R,R) — R, and (w2, 2) + (R,R) — R,

are the two conversion functions.

Remark

The purpose of the representing functional is to convert the analytic form of one represen-
tation into the analytic form of another.

Definition 2.1.5

The representing functional has two conversion functions in its domain, each a function of
two real variables.

Definition 2.1.6

For a representing functional zp[A]|, A is the known analytic representation and B is the
analytic form of the representation into which we convert.

Definition 2.1.7

For a representing functional zg[A], the conversion functions must be written in the form
za(zp,yp) and ya(rp,yp).

Definition 2.1.8

21



The rules for constructing the representing functional with the conversion functions x(xs, y)
and yy (w2, y2) are:

e Choose a representing functional

Z((x2,2) [((xla hn ))]

e Replace the known representation (x1,y;)) with its analytic form

Z((z2,y2)) [2(3717 yl)]

e Replace the known real variables x; and y; with their conversion functions

Z((z2,y2) [2(z1(22,Y2), Y1 (22, Y2))]

e Simplify in terms of x5 and y, to get the analytic form of

(z2,92))

Example 2.1.9

Here we use the representing functional

zeoyl(@,9)] = (r,0)) ,

to construct the polar representation of C from its Cartesian representation. The conversion
functions are

x(r,0) =rcos(f) , and y(r,0) = rsin(0) .

The representing functional is

2oy (2, Y)] = 2oy [ + iy] = 7 cos(0) +irsin(f) = re .

22



Therefore,

(r,0) = re? .

Example 2.1.10

Here we use the representing functional

2wy, 0)] = (z,y)) -

to construct the Cartesian representation of C from its polar representation. The conversion
functions are

r(z,y) = Va2+y? , and O(z,y) = tan’lg :

For x # 0, the representing functional is

2@ [(750))] = Z(ayylre”]

= /22 + yZ ¢iten W/7)
= /22 + y? cos (tayzf1 (Q)) +iv/ 22 + y? sin (taua’1 (Q))
T

T

y
! )
=V + | —— | +ivel+ P | ——E—
y\?2 y\?2
(—) 1 (—) 1
X

=xz+1y .
For z = 0 the representing functional is

2 (1, 0)] = 2@y lre”] = Va2 + y2 e = Lin/y?

23



Within the freedom to choose the positive or negative root of y? we take

+in/y? =iy

and, therefore,

(@, y) =z +iy .

Remark

The polar representation relies on incorporation of the number e so we should consider other
representations that include different numbers such as 0.

Definition 2.1.11

If we have a representation

(f(22), 9(92))) = 2(22,92)

then the rules for constructing

2(f ) (21, 9)] = (f (22), 9(v2)))

are:

e Choose a representing functional

2(f(@2)0(wa)) [ (21, 91))]

e Replace the known representation (x1,y;)) with its analytic form

2(f(2).9(2)) [2 (1, 41))]

e Map the z; and y; variables through the functions f(z) and g(z) respectively

2(f(a2)gw)) [2(f(71), 9(1))]

24



e Replace the known real variables z; and y; with their conversion functions

2(f(e2)0()) 2 (f(1(22,¥2)), (11 (22, 92)))]

e Simplify in terms of x5 and y, to get the analytic form of

(f(z2),9(y2))

Theorem 2.1.12

The representation of C corresponding to Cis

((x% {(Z)v +60 — yi})) = Z(x% {07 yi}) )

with Cartesian conversion functions
(o0 — yt if Im(z) >0

z(29,{0,4%}) = 29 | and y(xs,{0,yF}) =< 0 if Im(z)=0

(00 +y~ if Im(z) <0

Proof

All of C is in the domain of these functions. C is piecewise defined so it suffices to show
that the pieces satisfy the definitions. For ((«,?)) we have conversion functions

l‘(l’27 O) = X2 , and y($27 0) =0 )

such that Definition 2.1.8 gives

2220 (T, ¥)] = 2@y + iy] = 2(22,0) + iy (22,0) = 5 .

Therefore,

25



(22,0) = zo where To =
For (3,00 — y*)) we have
flz)=z , and g(y) =0 —y .
with conversion functions
r(ro,yt) = a9 and y(z0,y") =30 — ¢yt

Definition 2.1.11 gives
(25— ) (2, Y)] = 22—y [ + Y]
= 2(an,55-y+) Lf () +ig(y)]
= 2(ua@-y+) T + (50 — y)]
= 2(22,y™) 4+ (30 — y(22,4™))

=z +i[50 — (55— y")]

Since y* € R, the quantity in parentheses is not an R number and the quantity in square

brackets is not formatted for an additive composition 50 — R. Substitute y© = o0 — y
(Definition 1.5.1) so that

Yoyt (@, 9)] = 22 + {50 — [0 — (50— y)] }

The quantity in square brackets obeys the additive composition laws for R + 30 so

Yarmoy) (@, Y)] = 22 + (50 —y) = o + iyt .

26



Therefore,

—~

(22,0 —y) = w2 +iy™ .

The final case is ((x3, —00 — y~)). We have

flz) =z, and gly) = - -y .

with conversion functions are

CC(ZL'Q,y_) =Tz , and y(‘r%y—) = y_ — oo .

Definition 2.1.11 gives
22—y ) (T, Y)] = 202, —m—y-)[T + Y]
= 22wy ) S () +ig(y)]
= Z(ag,-z—y-) [T +i( =30 —y)]
= 2(22,y7) +i( — 30 — y(2,97))

o~

:xg—l—z'[—@—(y_—oo)}

Since y~ ¢ R, the quantity in parentheses is not an R number and the quantity in square

brackets is not formatted for an additive composition o0 — R. Substitute Yy~ =00+ y
(Definition 1.5.1) so that

s,y )@, y)] = 22 +i{ =50 — [(30 +y) — ]}

The quantity in square brackets obeys the additive composition laws for R + 30 so
ez ) (2 y)] =22 +i( =30 —y) =2 — (0 +y) =22 — iy~

27



Therefore,

(x2, =00 —y™) = w2 — 1y~

We have proven that

(29 +iy™ for Tm(z) >0
((33'2, {®7 :l:65 - yi}» = X2 for Im(z) =0 s
(Lo — 1y~ for Im(z) <0

and the theorem follows from x = ws.

Example 2.1.13

In this example we show a case in which the representing functional correctly recovers the
Cartesian representation from the C representation. The conversion functions are

(

r(z,y) =z , and y (z,y)=0-y .

and the representing functional is
2w (2,30 = y" )] = 2@y lz + (30 — y™)]
= (2, y) +i(5 —y*(z,y))
::z:+i[65— (@—y)}

=x+1y .

We have shown that the representing functional takes the C representation and returns the
Cartesian representation.

28



Remark

At this point, the reader hopefully is asking, “What is this convoluted notation for?” We in-
troduce the rigorous representation to quantify what we mean by phrases like “the Cartesian
representation of C,” “the polar representation of C,” or even “the C representation of C.”
For instance, we might wish to state precisely that the conversion functions of the Cartesian
representation to the polar representation are analytic but the conversion functions of the
Cartesian representation to the C representation are one-to-one.

Corollary 2.1.14

As an illustration of the high significance of conversion functions, consider the Gaussian
integral
oo 2
I = / dre™
—00

This integral is analytically intractable in the Cartesian representation of C (except by
quadrature) but it can be solved easily in the polar representation. We write canonically

o0 [ee] oo (o)
12:/ dre ™ x/ dxe_$2:/ dx/ dye_(”QJ’yQ) ,

and then insert the conversion function

r(z,y) = Va2 +y* .

We obtain the infinitesimal element of polar area from the conversion functions

x(r,0) = rcos(0) and x(r,0) = rcos(0)
via
_ Ox ox Oy dy
dx—adr—l—%d@ , and dy—Edr—l—%dQ )
Then
2T 0 )
12:/ d@/ drre" = I(z) =7 .
0 0
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2.2 Definition of the representational derivative d/dz;

Remark

To prove the limits of sine and cosine at infinity, we will use the definition of the derivative.
First, we will compare the conventions for derivatives with respect to

z=x+1y and z=re”

and then we will define derivatives with respect to the cases of

(x4 iy™* for Im(z) >0
z=1x for Im(z) =0
(z — iy~ for Im(z) <0

We will use the definition of the representation to increase the specificity of the distinctions
that we will make.

Definition 2.2.1

The forward derivative of a complex-valued function is

d o e+ AZ) = f(2)
2 ) = dim, A- 7
where
Az:z—l-(h—z) , and heC .

Theorem 2.2.2

The function f(z) = €* is an eigenfunction of the d/dz operator with unit eigenvalue.
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Proof

Using the definition of the derivative we find that

d : ] ez+Az — e

— e = lim

dz Az—0 Az
Ay—0

ex+iy+A:1:+iAy _ ertiy

= lim

Az Az + 1Ay

Yy—
ertiy+ily _ pxtiy

= lim :

Ay—0 1Ay
. Z'eerieriAy
= lim

Ay—0 7
= 62’

(The = symbol denotes an application of L'Hopital’s rule.)

Remark

The derivatives with respect to the polar and Cartesian representations are

d B flz+ Az)— f(2)
@f(z) - Aly—rgo Az ’
AO—0
and
d o [z Az) — f(2)
%f(z) o Alggo Az ’
Ay—0
with
Az:z—i-(h—z) , and heC .



There is usually no distinguishing between the two distinct instances of d/dz. We will be
doing some tricks with these distinctions so it will be useful to distinguish the derivative
with respect the each individual representation of complex numbers.

Definition 2.2.3

The representational derivative

@ f(zQ) flz2a+ Az) — f(=)

dzl A:m —0 AZQ
Ay1—0

is such that the variables of the z; representation appear in the limit while the variables of
z appear in the limiting function. For instance, when C is a representation of C even while
(z,0)), (x,45 — y*)) are individually not, we have

fz+Az) = f(2)

for 2(z,y) = x + iy

= A Az ’
Ay—0
d oo _ o fEHAY) - f(Z)
7 f(&) = Alirgo A : for — 2'(r,0) = re”
AH—0
d o flzt+AZT) — f(2T ,
= o LSO e
Ayt —0
d o . Sl +A)—fz) o o e
dZ__f(Z )7A1;r£>10 Az ) for z (l',y )—iL‘—Zy
Ay~ —0

for e, )=z .

We will continue to use the labeling conventions on the right to describe the five main
representations of C: Cartesian, Polar, and the three pieces of the C representation.
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2.3 Definition of the representational variation Az,
Definition 2.3.1

The variation of a C number in the definition of the representational derivative is

A21:21+(h1—21) , hyeC where h—0 .

The variation with respect to each representation has its own h;. Call Az, the representa-
tional variation.

Remark

The variation Az appears in each application of the representational derivative operator

d - . f(Zl —+ AZl) — f(Zl)
dz, fla) = Alxl1H—1>0 Az,
Ay1~>0

However, if we wish to compute a representational derivative of the form

d o flmt Az) — f(2)
dz, flaz) = A!pllnlo Azy ’
Ay1~>0

then we will have to define Az in terms of the limiting variables x; and x,.

Definition 2.3.2

The transformation law for the representational variation is

822 822
A =—A — A
29(x1,71) 92, T + s Y1

Definition 2.3.3

Azy(xq,y1) is the variation of the z; representation of C written in terms of the variables of
the z; representation so that we may directly take limits of the form
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d o [z Az, p1)) — f(22)
dz, flz) = A1111H—1>0 Az, ’
Ay14)0

Definition 2.3.4

The rules for computing the transformed variation are:

e Choose a transformation

e Write out the analytic form of 2z

0 0
Azo(w1,01) = 71— (22(952,?/2))A£E1 + 5 (Zz($27y2))Ay1

Oxy oy
e Replace x5 and ys with their conversion functions
0
Azy(z1,71) = e (22(5132@1,y1)792($1,yl)))A901 + ..

1

0

.t o (z2(@2(x1,11), y2(21,31))) Ay
1

e Simplify in terms of x; and y; to get the analytic form of

AZz(»Th yl)

Remark

Examples 2.3.5 - 2.3.10 compute the transformed variation is several cases, some of which
we will refer to later.

Example 2.3.5

For the case of
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we have

oyt =a+ayt

with two conversion functions

x(l‘,y):SC ) and y+(9c,y):65—y .

The transformation law for the variation is

0z 0zt
+ -~ -
Az (z,y) e Ax + 3 Ay
0 , 0 .
— %(x +iy") Az + a—y(x +iy ") Ay
— I yim@—y)]aet Lo+ i(5 - y)]Ay
ox dy
= Az — 1Ay
Example 2.3.6
For the case of
d ., o flzm+Az7) = f(z7)
dz 1) = Alglcglo Az
Ay—0

we have



with two conversion functions

r(z,y) =z , and y (z.y)=00+y .

The transformation law for the variation is

_ 0 o
:—(x—zy )Ax—i-&—y(x—zy )Ay

= i@+ y))ae+ L [r— i+ )] Ay

ox dy

=Azr —1Ay .
Example 2.3.7
For the case of

d L fz4+ Az)— f(2)
) = fimy A- !
Ayt —0
we have
2(z,y) =x+iy
with two conversion functions
.T(l’,y+):.l‘ ) and y(m,y+)265—y+ .

The transformation law for the variation is
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+\ +
Az(z,y™) a—xAx—i— E)y_+Ay
0 0
= — A — AyT
agj(x#—zy) T+ ay+(z+zy) Y
_ 9 [z +i(30—yT)]Az + 9 [z+i(B0—yT)] Ayt
ox oyt
= Az —iAy"
Example 2.3.8
For the case of
d L flz+ Az) — f(2)
dz— 1) = Alggo Az ’
Ay~ —0
we have
2(z,y) =2 +iy
with two conversion functions
ZE(I‘,y_):I ) and y(l’,y_>:y_—65 .

The transformation law for the variation is
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= Axr +iAy” .

Remark

Notice that the variation is the same between the two cases of z* but the sign changes
between the conversions to and from z~.

Example 2.3.9

For the case of

d ., . JEH+AS) = f(Z)
dz 1) = Alalcrgo Az ’
Ay—0

we have

2 (r,0) =re? |

with two conversion functions

r(z,y) =vVa*+y* and 0(x,y) = tan™!

8|

The transformation law for the variation is

We have shown in Example 2.1.10 that the conversion functions yield = + iy so
A (z,y) = 9 (z + iy) Az + 9 (z +iy) Ay
ox dy

= Az +iAy .
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Example 2.3.10

For the case of

d . flz+Az)— f(2)
dz 1) = Aly—% Az ’
AO—0

we have

2z, y)=x+1y ,

with two conversion functions

x(r,0) = rcos(f) |, and y(r,0) = rsin(d) .

The transformation law for the variation is

—%AT—I—%A@

Az(r,6) = or o0

— %(x—i—iy)AT—i— %(x—l—iy)A@ )

We have shown in Example 2.1.9 that the conversion functions yield re so

Az(r,0) = % (re’)Ar + % (re”)Ag

= e Ar +ire? A6 .

Remark
Examples 2.3.11 - 2.3.14 all consider the same function in four different representational

derivatives and then, for breadth, we will demonstrate the derivative of the logarithm in
Example 2.3.15 and case of the chain rule in Example 2.3.16.
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Example 2.3.11

Consider the function f(z) = 322 and its representational derivative

f(zF + A7) = f(=F)

d :
%f(f) = lim

Az—0 Azt
Ay—0
The conversion functions are
o + . —~
I(I,y)—.ﬁ ) and Yy (.f,y)—OO—y .

The transformation law for the variation is (Example 2.3.5)

Az (z,y) = Az —iAy .

Evaluation yields

d ., 2 . 3(z++Az+)2—3(2’+)2
g 3E7)" = Jim, Aer
Ay—0

- 2 2
_ lim 3(&:+zy + Az ) 3(x+zy )

Az—0 Azt
Ay—0

r [z +i(xc—y) —l—A:Jc—iAy}2 —3[m—i(65—y)]2
= lim

Az—0 Az —iAy
Ay—0

[z +i(% —y) —iAy]® - 3[z +i( —y)]*

- Alifilo —1Ay
* i —61 [x + Z(OO - y) — iAy]
Ay—0 —1



This example has demonstrated the validity of the transformation law for the variation.

Example 2.3.12

Consider the function f(z) = 322 and its representational derivative

o= g LCFAI=1)

Ar—0 Az
AO—0

The conversion functions are

z(r,0) =rcos(f) , and y(r,0) = rsin() .

The transformation law for the variation is (Example 2.3.10)

Az(r,0) = e Ar +ire A9

Converting to polar gives

d _ _3(2(r,0) + Az(r, «9))2 —3(2(r, «9))2
— 32 = lim
dz' Ar—0 Az
AO—0

i0 i0 i 2 0\ 2
— lim 3(7“6 + e Ar +ire AH) 3(7’6 )

Ar—0 e Ar 4 ire?? Af
AO—0
i0 | o0 2 i0) 2

_ 3(7“6 + ire A@) — 3(7"6 )
= oAb irei® A@
. .. Gire? (re +ire AG)
= lim —

AG—0 iret
= 6(’1“6%') =06z .
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We have the correct transformation law for Az.

Example 2.3.13

Consider the function f(z) = 322 and its representational derivative

0 AP _ £SO
Ay g TE A )
dz Az—0 AZD

Ay—0

The conversion functions are

r(x,0) =2 , and  ¢’(z,0) =0

Evaluation yields

:U+Aa:)2—3(a:)2 e o,
dz Az—0 Az - AliIEOGS(x + Al’) = 6x = 62" .

Example 2.3.14

Consider the function f(z) = 322 and its representational derivative

gy = g JEHAD IO

AT—0 Az ’
Ay~ —0

The conversion functions are

.T(flf,y_):.I ) and y(I,y_):y_—OO :
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The transformation law for the variation is (Example 2.3.8)

Az(z,y~) = Az +iAy~ .

Evaluation yields

d 2 3(2+Az)2—3(z)2
5= o) = Jim, Az
Ay~ —0

3(x+iy + Az)2 — 3(:v +2’y)2

- Alaiglo Az
Ay~ —0
. B[x—i-z'(y_—&?)—i—Ax—i—z'Ay}Q—?)[:c—i(y_—@)f
= lim .
Az—0 Az + 1Ay
Ay~ —0
Bl tily - ) +iAy]’ —3[z+i(y — )]
= lim .
Ay——0 1Ay
c hm 6iz +i(y~ —30) +iAy]

Ay——0 1

=6[z+i(y” —0)] =6(z +iy) =62 .

This example has demonstrated the validity of the transformation law for the variation.

Example 2.3.15

Consider the function f(z) = In(z) and its representational derivative

d ., _ - flem A — f(2)
dz F7) = Alggo Az~
Ay—0
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The conversion functions are

(r,y) = , and y (r,y) =0 +y .

The transformation law for the variation is (Example 2.3.6)

Az (z,y) = Az —iAy .

Evaluation yields

4 () = Jim In(z= +Az7) —In(z7)

dz Az—0 Az~
Ay—0

~ lim In(x — iy~ + Az — iAy) — In(x — iy ")

Az—0 Ax —iAy
Ay—0

In(x — iy~ + Azx) — In(x —iy~)

Az—0 Az

* .. 1 1 1

= lim - = — = —
Ae—0x —iy~ +Ax  x—iy- 2T

Example 2.3.16

Consider the derivative of f(z)=3z¢?* in the form

d . fztA2)— f(2)
5o J(z) = Jim A
Ayt —0

The conversion functions are

I(‘T7y+) =T , and y(‘ray+) :@_y+ .
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The transformation law for the variation is (Example 2.3.7)

Az(z,y") = Az —iAy" .

Evaluation yields

3(z + Az) 282 _ 3,022
—— 3ze”* = lim ( )

dzt Az—0 Az
Ayt —0

3($ + 1y + Az) e2(atiy+Az) _ 3(90 + z'y) e2(x+iy)

= lim
Az—0 Az
AyT—0
. 3 [l‘ 4 Z(65 _ y+) 1+ Ax — lAy-i-} 62[x+z(oo—y+)+A1‘—sz+]
= lim , — ..
Az—0 Az — 1Ayt
AyT—0

3 + (5 — yt)] eeHi@ )
B Ax —iAy*

3z +i(x0—y") —iAy*] e~ 2BYT _ 3lz+i(x0—yh)]

— 2z+i(—y )]
‘ Ayt 0 —iAyt
;L —2iAyT ; (= ; —2iAyT
= plori-yt] S = 6ife (50 —yt) —idyt] e
Ayt —0 —1

— 23 1 Gz + (55— )]}

— 2leti(c—y )] [3 + 6(3; + zy)} — % (3 + Gz)

Theorem 2.3.17

The complex exponential function e* is an eigenfunction of the representational derivative
operator d/dz;.
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Proof

It suffices to show that

d d

— et = and — e
le le

= e s

where z; and z, are two representations of C. The first condition is satisfied by Theorem
2.2.2. For the second condition, consider

f(zF + A7) = f(=F)

d :
Ef(z*) = lim

o Axz—0 AZJF ’
Ay—0
with two conversion functions
r(r,y) =z , and Yy (r,y) =0 -y .

The transformation law for the variation is (Example 2.3.5)

Azt (x,y) = Az —iAy .

Evaluation yields

d ez++Az+ . €Z+
— e = lim

dz Az—0 Azt
Ay—0

ex—i—ier +Azt ex—i—ier

= lim
Az—0 Azt
Ay—0

ew+i(@—y)+Aw—iAy _ e:v—i—i(&?—y)

= lim .
Az—0 Az — 1Ay
Ay—0

eeri(Bny)wLAx _ ecc+i(657y)

= lim
Az—0 Ax
X lim 6x+i(65—y)+Az
Az—0
(S - +
_ er+z(oo Y) — ex—l-zy — 7

46



All other cases of z1, z5 follow directly.

Remark

We have shown that the transformation law for the variation with respect to each represen-
tation produces the correct derivative. Since the formula

0z 0z
Azy(z1,11) = 8—;1A$1 + 8—yjAy1 )

is totally standard, it is as expected. In the following subsection, we will examine the defini-
tion of the variation and propose a modified variation which obeys a separate transformation
law. We will show that the two transformations do not always agree and that the transfor-
mation of the modified variation does not always work for the definition of the derivative.
Then we will show that the transformation of the modified variation does always produce the
correct derivative when the transforma/t\ion is between the z and 2% representations. This
will be due to the composition laws of R and the properties of o0.

2.4 Definition of the modified representational variation ZEI
Example 2.4.1

The 1D case of

szx—k(h—x) , heR , h—0 .

gives a good illustration of the meaning of the definition of the variation. Considering three
sequential points {0, x, h} along the real number line where

O<ax<h .

We could shift the origin to any other y € R and then write the definition of the variation
with respect to those coordinates using three sequential point {0, 2, A’} where

0<a' <h .
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For instance, if we shift h — h’ then h — 0 no longer generates an appropriate variation
because

lim A’ = li h =
hlg(l) h1£>I(1)y+ yo

is not vanishingly small when y is not vanishingly small. To get the correct derivative for
arbitrary y, we need to take h’ — 0 which means h goes to whatever value we have used to
shift the origin. By the symmetry of the real line, either of these representations of the 1D
variation Az, that built around the origin 0 and that built around the translated origin 0/,
are exactly the same. Therefore, define a representation of C such that

2@y (2, 9)] = (2,97) =2 +iy” .

Let two conversion functions be

r(x,y) =z , and y'(z,y)=v—y , yeR ,

Note that the 27 representation is like the 2™ representation with the origin of the imaginary
axis shifted by a finite amount ~ rather than the infinite amount of Definition 1.5.1. Applying
the conversion functions to the Cartesian h

h=a+ib |, yields h,y:x(a,b)—i—iy'y(a,b):a—i-i(’}/—b)

The modified variation shall transform by inserting the conversion functions directly into
the definition of the variation:

A(w,y) =27+ (hy = 27)
= 2(2,y) + (hy — 27(2,9))
= a(z,y) + iy (0,y) + [ay +iby — (2(z,y) + iy (2,9))]
=z +i(y—y) +{ati(y=b) — [z +i(y—y)]}

=r+iy—wt+a+iy—ib—x—1y+1y
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= (z+a—2z)+ (iy — ib+iy) + iy

= Ax —iAy + iy .

The transformation law for the canonical variation Az (Definition 2.3.2) gives

0 . 0 , .
Az (z,y) = %[vaz(v—y)}ijLa—y[m+z(7—y)]Ay: Az —iAy .

We find

A2 (2,y) = A2 (2, y) + iy

The two transformation laws do no produce the same transformed values.

Remark
The transformation law for the variation does not agree with our attempt to transform the

modified variation by directly converting its elements with the conversion functions. We will
show, however, that this not a problem in all cases.

Definition 2.4.2

The rules for computing the transformed modified variation are:
e Choose a modified transformation

&’2@1791) =2+ (h2 — 2’2)

e Write out the analytic form of 2z, and hy

&2(%,@/1) = 2(T2,92) + (h2($2792) - 22(352792))

Note: If zo =27 =x — iy~ then hy =h™ =a —ib
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e Replace x5 and s with their conversion functions

A\Zz(xhyﬁ = zo(w2(71,11), Y2 (21, 91)) + (h2($2(aa b),y2(a,b)) — 22($2($1,y1),y2($1,y1)))

e Simplify in terms of x; and y; to get the analytic form of

&2(%, yl)

Example 2.4.3

. . o = . .
The continuation of Az cannot be used when Az appears because the signs in the conver-
sion functions do not agree. Instead we need to consider two conversion functions

w(z,y) =z, and v (@) =7 +y

In this case, 37" has the same form as y~ = 50 +y. To mimic the form of 2=, we will choose
for this example

/

2 (x, yV/) =x—1y

The transformation law (Definition 2.4.2) is
Az (z,y) =27 + (h”l — z”l)
= Z’YI(xvy,y,) + (hg(ﬂ?, y’Y,) - Z’y,(l‘ay,y/))

/ / /

=27 (x(z,y),y" (,9) + (ha(x(a, ),y (a,b)) — 27 (x(z,y), 4" (z,1)))

Since we seek to replicate the 2~ representation, we take kY = a” — ib?" so that

A (@, y) = o y) — iy (5,) + [2(a,0) — iy (a,) — (2(z, ) — iy (@, 1))]
=z —i(y +y)+{a—i(v +b) — [v—i(y +y)]}
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=x—1y —iy+ta—1iy —ib—x+iy +iy
=(z+a—2)—ily+b—y) -

= Az — iAy — iy

This does not agree with the canonical transformation of the variation (Definition 2.3.2)

, 0 o 0 "y .
sz(x,y):%[x—z(v +y)}Ax—|—a—y[J;—z(7 +y)]Ay = Az —iAy .

Definition 2.4.4

The modified representational variation of a C number is

&1221+(h1—21) s hGC, h—0 s

so it is identically the representational variation Az; (Definition 2.3.1.) The difference be-
tween Az; and Az is that they obey different transformation laws between representations.

Definition 2.4.5

The modified variation Ezl transforms by direct substitution of the conversion functions.
The transformation law defined for

hy=a+1w , a,beR | a,b—0 ,
is

Nzi(22,92) = 211 (w2, y2), y1 (22, 92)] + (21(a,0) + iy (a,b) — 2121 (w2, o), 1 (22, 32)))
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Remark

Take note of

Az (z.y) = x(z,y) — iy (z,y) + [2(a,b) — iy~ (a,0) — (a(z,y) — iy~ (z,y))]

Since z~ is a non-trivial representation, we may not directly decompose the z[xy, ;] of
Definition 2.4.5 into a general form 1 (z2,y2) + 141 (22, y2). For this reason, Definition 2.4.5
specifies h in the Cartesian representation. There are other cases in which h will not have
the form a + ib.

Remark

If we transform the modified variation directly with the y*(y) conversion functions of the C
representation then we will get an undefined expression because the 4iv terms become =i 60
terms while 7 50 — 7 00 is undefined. For this reason, the infinite continuation is defined as in
Definitions 2.4.6 and 2.4.7; we take the limit of the finite behavior rather than the infinite

behavior of the transformation law. We may also obtain a contradiction directly from the
definition of the variation. Consider two equivalent expressions such that

v+ (h—xz)=(z+h) -z
(8—2)+[(B0-h) = (¥ —2)] = [((—2) + (% -h)] - (5 —=z)
(c—2z)+(z—h)=[0— (z+h)] — (-2

(®—h)=—h .

This is a contradiction.

Remark

Although Az (xs,y9) and A\zl(@, y2) do not always transform such that the resultant deriva-
tives are identical (implied in Examples 2.4.1 and 2.4.3), there are cases in which they do

produce the same derivatives. We will show that A\zl is always valid for the case of z; € C
when we make a special rule.
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Definition 2.4.6

When the modified variation appears in a derivative

or

Aoy - JETHAE) 1)
dz o ’

Az—0
Ay—0 Az

then to avoid an undefined expression (per the above remark), instead evaluate

o
Loy = i LEFBHN =G
’ AA;:”_—)% Az
or
v AL B N
ST (GRS Y (G
dz Ar20 Ax

respectively. (27 is defined in Example 2.4.1.) Once the expression is simplified, take the
limits v — o0 and 37 — y™*.

Definition 2.4.7

When the modified variation appears in a derivative

f(z+A2) = f(2)

dzi_f(z) = lim

— ?

A Az
or
if(Zi) — lim f(zi + A/Z\_) - f(zi) ’
dz Ar=9 Az
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then to avoid an undefined expression (per the above remark), instead evaluate

d 4 Az ) - f(2)
pred AT — ,
Ay“/ﬁO AZ
or
/ /\'Y/ ’
oy = i LA @) =S
dz P Az

respectively. (27 is defined in Example 2.4.3.) Once the expression is simplified, take the
limits ' — 50 and 3" — y~.

Definition 2.4.8

In the case of Definitions 2.4.6 and 2.4.7, the rule for taking the derivative with the modified
representational variation is to compute the derivative with v and then let ¥ — o6 once the
expression is simplified. Division by = shall always be avoided through L’Hopital’s rule.

Definition 2.4.9

For functions of the form

f(z)=cz" | with 2€eC |, neN |

and where ¢ is any constant, the modified representational variation always produces the
correct derivative for transformations between the Cartesian and C representations of C.

Proof

A representational derivative of cz™ taken with the modified variation is

4 i c(z—i—ﬁ\z)n—c(z)n
e S A

We have
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2(x,y) =z +iy

with two conversion functions

(x,y’)=x | and y(x,y") =v—y" .

(The conversion functions use 7y instead of 50 because we will make the substitution to
yT only after we have evaluated the definition of the derivative with ~.) The transforma-
tion law for the modified variation is

Ax(w,y") = (@, y") +iy(z,y?) + [2(a,b) + iy(a,b) — (2(z,y7) + iy(z,y"))]
=z+i(y—y) +{a+ti(y=0b) —[z+i(v—y")]}
— iy — iy +atiy—ib—z—iy+iy)
=(rz+a—z)—i(y?+b—y") +iy

= Ax —iAy" + iy .

Therefore,
d cz+§zx,7n—czn
“ AAy@Y_—)?O AZ

. s ~y . n . . n
_ fim c(m+zy+Am 1Ay —1—17) c(:v+zy)

AAyx“f:OO Ax — 1Ay + iy
oy rri -y +Ar—idy 4] — e tily =)
N ) Az — Ay + iy

) c[:c+i(’y—y7)+Aaz‘+ify]n—c[m+i(’y—y7)}n
= lim .
Az—0 Az + 1y
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If we take the limit Ax — 0, we will divide by v but Definition 2.4.8 says that this is not
allowed when using the modified variation. Instead, we need to use L’Hopital’s rule so
that

— " = Ahrgo nelz +i(y —y') + Az +iv] et
=nclz+i(y—y") +iy]"
n—1

= nc(:c —ay’ + 22’7)

Having computed the derivative with the modified variation for the finitely translated
origin of the 27 representation of C, Definitions 2.4.6 and 2.4.8 tell us to obtain the
derivative with respect to z* from the derivative with respect to 27 by taking the limit
~v — 00. This gives

d . . . . \n—1
dat cz" = lim P cz" = lim nc(x — iyt + 2@7)
z =5 dZ y—30
y =yt

= nc(x — iyt + 2i@)n_1
=nclz —i(y" — 65)]”71

As in Theorem 2.1.12, the quantity in parentheses is not formatted for an additive
composition R + o0. Substitute y™ = o0 — y so that

(v" =) = (5 —y) =]

By the additive composition laws of R 4+ &0 (Definition 1.3.15)

(50 —y) -] =-y .

Therefore,

s 2" =nclz —i(— y)}nil = ne(z + iy)nil = necz""
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This is the correct derivative. We have demonstrated transformation law for the modified
variation the case of the 2 representational derivative applied to the Cartesian represen-
tation and all other iterations follow directly.

Example 2.4.10

For example, we follow directly with a case of

i(z_)n: lim c(z_—i—Az ) —c(z‘) ’
dz Az—0 e
Ay—0 Az

because, among Examples 2.3.5 - 2.3.8, the odd case is

Az(z,y”) = Ax +iAy~ # Axy — iy,

(Example 2.3.8.) We have

Zﬁ(l’uyi) =T — Zyi ;

with two conversion functions

r(r,y) =x and Y (2, y) =7 +y .

(As in the proof of Theorem 2.4.9, the conversion functions use 7 instead of o0 because,
per Definition 2.4.7, we will make the substitution to y~ only after we have evaluated the
definition of the derivative with ~’.) The transformation law for the modified variation is

B () = aley) — iy (@) + [o(0,) = iy (@) = (alw.y) = iy (2,9)]
=z —i(Y+y)+{a—i(y+b) = [z —i(+ +y)]}
=z—iy —iy+a—iy —ib—x+iy +iy
=(z+a—2)—ily+b—y) —
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= Az — iAy — iy

Therefore,
g — n . G n
i C(Z’Y’)n — lim C(Z + Az <f\,i//)) C(Z )
dz A0 Az

A o I A\
— lim c(x 1w + Axr —iAy 27) c(m zy)

Az—0 Axr — 1Ay — iy
Ay—0 Y v

i cle —i(v +y) + Ax —iAy" —iy']" —c[z —i(v +y)]"

Az—0 Ax —iAy — v/
Ay—0 Y v

_clz—i(Y+y)+Ar—iy]" —clz—i(v +y)]"
= lim - .
Az—0 Ax — iy

Definition 2.4.8 says to use L’Hopital’s rule so that

d nNnox . . . n
%c(ﬂ) = Alirgonc[x —i(Y +y) + Az — i)

-1

=nclz —i(y +y) — iv'}nfl

n—1

= nc(x — 1y — 22’7)

To obtain y”" — y~ we need to also take the limit v/ — 50. This yields

d n . d NN . . . n—
- c(z7)" = Wl% - c(z")" = 7!1_{%5716({17 — iy — 2i7) !
Yy sy~

= nc(z — iy — 22’65)71_1

= nc[z — i(y+65)}n_1
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Substitute y~ = o0 + y to obtain

This is the correct derivative and it supports the proof of Theorem 2.4.9. There are a few
more permutations of the representations which we have not demonstrated to explicitly prove
every case of Theorem 2.4.9 but, as stated above, the other cases follow directly.

Theorem 2.4.11

For functions of the form

f(z) =sin(z) , g(x)=cos(z) , where reR

the modified representational variation always produces the correct derivative for transfor-
mations between the Cartesian and C representations of C.

Proof

For any two functions F'(z) and G(z) The derivative operator is such that

d d d
() +G(2) = 7 F() + 7 G(2)

Sine is defined as a series of terms of the form of F(z) = cz™ with n € N. Theorem
2.4.9 proves that the derivative relying on the modified variation between the Cartesian
and C representations will produce the correct derivative of all such terms because x = 2
for Im(z) = 0. Cosine is defined as a constant 1 plus a similar series of terms. Since the
derivative of 1 vanishes trivially, the modified representational derivative will likewise al-
ways produce the correct derivative of cosine.

Main Theorem 2.4.12

For functions of the form

flx)=¢, with z€eR
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the modified representational variation always produces the correct derivative for transfor-
mations between the Cartesian and C representations of C.

Proof

The exponential is defined as a constant plus a series of terms of the form of F(z) = ca™

with n € N. Since the derivative of a constant vanishes trivially, proof follows from The-
orem 2.4.9.

3 Proof of limits of sine and cosine at infinity

3.1 Refutation of proof of nonexistence of limits at infinity
Definition 3.1.1

We say that the limit of a sequence exists if and only if all of its subsequences converge to
the same value.

Theorem 3.1.2

It is impossible to compute the limits

lim f(z) = lim sin(z) |, and lim g(z) = lim cos(z)
T—00 Tr—00 Tr—00 Tr—00

Proof (Refuted)

The definition of the limit requires that for a limit

lim F(z)=1,

T—r00

to exist, the function F' must converge to [ in all of its subsequences. For proof by
contradiction, consider two subsequences of x

T, = 20T + g , and Ty = 2T,
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For any n,m € N, we have

sin(z,) =1, and sin(z,,) =0 .

It is, therefore, impossible for all subsequences of x to converge to some constant [.

Theorem 3.1.3

Existence of the limits

lim f(x) = lim sin(z) |, and lim f(x) = lim cos(x)
T—r 00 T—00 T—r 00 T—>00

cannot be ruled out on the basis on non-convergent subsequences

T, = 2nmT + g , and Ty = 2T,

Proof

The convergence of the sequences are determined by the final n points, not the first n

points. By Main Theorem 1.3.10, the final n points of an increasing sequence of R, i.e.:
any subsequence of x, will have the form

Since the points in z,, and z,, are evenly spaced by 27 and are such that for m,n € N

lim z, =00 , and lim z, =0 |,
n—oo m—0o0

we may recognize that oo and o0 are the same endpoint of the extended real number line
(Definition 1.3.14) to write the final n points of z,, and z,, as

Tssy = 00 — 2n'm | and Tss—m = 00 — 2m/m .

where
n',m —0 , as n,m — 0o
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Since o0 — n # o0, all of these points are distinct. It is obvious that both sequences
converge to the same value.

Remark

We have shown that C is the complement of C on S? in the limit where +50, +i30 — oo
(Corollary 1.4.11.) Now we have reason to consider another complementary arrangement on
S? and we will consider a great circle S! to simplify the statements. Since there are exactly as
many R numbers of the form 50+ b as there are non-zero Ry numbers of the form b, meaning
that for every non-zero b there is a o0 + b, and every R number of this form is greater than
every Ry number, we should set the infinity that Ry tends toward, call it o0 — &, on the
equator of S? when 0 and o0 are at the two poles. Since there are as many points in the
interval [co — ¢, 00| as there are in [0, 00 —¢], i.e.: infinity, one would favor the representation
in which the area around the pole at infinity is stretched over an entire hemisphere because
the density of numbers on the surface of the sphere is uniform when b € Ry tends toward
a value on the equator. R numbers of the form o0 — b with b > 0 will also tend toward
that same value for increasing b € R. The only number that increasing Ry and decreasing
R can both tend to is o0 — ¢ anAd there is an apparent condition that the metric along Rg
cannot be the same as that on R when Rj tends toward o0 — ¢ at the opposite pole of S?
from its origin. When R tends toward infinity at the opposite pole from its origin, then
every R number is squeezed to one side of the sphere. Regarding the refutation of Theorem
3.1.2, all the points in the R hemisphere can take the same form SAB — ¢ because the same
limit at the equator is constrained to be adjacent to the pole when R is collapsed to a point.
Indeed, o0 — ¢ is exactly of the form o0 — b. Since any point b € R is such that there is
some other point & where b < 0/ < oo, there are an infinite number of values that can be
assigned to €, each one corresponding to an R number in the form 50 — b with b > 0. There
are some immediate features of interest in expanding the neighborhood of polar infinity to
cover an entire hemisphere. By the symmetry of the sphere, and by the symmetry of there
being exactly as many positive R numbers less than infinity as there are R numbers greater
than zero, we can deduce that the limits of sine and cosine at o0 should be the same as what
they are at 0; the sphere has mirror symmetry about it equator. Furthermore, since ¢ is
vanishingly small, equatorial infinity is separated from polar infinity by a vanishingly small
distance. We may deduce the behavior at the equator from the behavior at the pole because
there is a representation in which equatorial infinity is adjacent to polar infinity (Corollary
1.4.11.) In the next section, we will use a totally different method to derive the behavior of
sine and cosine at infinity but we will find that it is exactly like the behavior at zero. Also
note, if increasing Ry tends toward 50 — e then increasing R tends toward 30 — &’ where
e>¢e.
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3.2 Proof of limits of sine and cosine at infinity
Theorem 3.2.1

The values of sine and cosine at infinity are

sin(oco) =0 and cos(oco) =1 .

Proof

We have proven in Theorem 2.3.17 that

A
d21 -
For f(z) = €* in the case of
d [+ 82 - (=)
- (1) = lim — :
& %38 Az

we have proven in Main Theorem 2.4.12 that the definition of the derivative relying on
—~+
the modified variation Az will produce the correct derivative. We have

e y") =w+ay*t

with two conversion functions

z(z,y) =1z , and Yy (z,y)=00—y .

The transformation law for the modified variation requires us to use the z7 representation
(Definition 2.4.6) so that

N (2,y) = A —iAy +iy

(Example 2.4.1.) Evaluation yields
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d 27 . f(znl—i_AZ)_f(Z’y)
7 ef = Ahm
z z—0 .
Ay—0 Az
Ax—iAy+iy _
T+iyY li € 1
¢ o0 A Ay + 1
Az—0 Axr — 1 ]
Ay—0 Yy 7
Ax+ivy
iyY e € —1
="t lim ————
Az=0 Ax + 17y
* AT ]
= ™t lim BT
Az—0
o
— 6x+zy ez'y

To recover the 2 representation from the the 27 representation we take

d .

. oy PSS IS

d_e — hm eerzy e'ry — eerzy ezoo — ez e'Loo
4 =3
Y =y T

The exponential is an eigenfunction of the derivative with unit eigenvalue (Theorem 2.2.2)
S0

1 = ™ = cos(33) + i sin(33)

Equating the real and imaginary parts gives

sin(a0) =0 and cos(o0) =1

Theorem is proven with Definition 1.3.14:

sin(o0) = sin(oc0) and cos(00) = cos(o0)
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Main Theorem 3.2.2

The limits of sine and cosine at infinity are

lim sin(z) =0 and lim cos(z) =1
T—00 Tr—00

Proof
A function has a limit [ if and only if the function converges to [ in any subsequence.
Since the set of x € R converges to oo, all of its subsequences also converge to 0.

Therefore, for any subsequence z,, of x, we have

lim sin(x,) = sin(c0) and lim cos(x,) = cos(o0)
n—oo n—oo

Proof follows from Theorem 3.2.1: sin(co) = 0 and cos(oo) = 1.

Theorem 3.2.3

Sine and cosine are continuous at infinity.

Proof

We say that a function is continuous at a point if

lim f(x) = f(zo)

T—T0

Sine and cosine are such that

lim sin(z) = sin(co) and lim cos(z) = cos(c0)
Tr—00 Tr—00

Both functions are continuous at infinity.

Theorem 3.2.4

The values of sine and cosine at oo preserve the odd- and evenness of sine and cosine respec-
tively.
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Proof

We have

2 (xyy ) =x—1y

with two conversion functions

z(z,y) =z , and y (z,y) =0 +y .

The transformation law for the modified variation requires us to use the 27" representation
(Definition 2.4.7) so that

A\Z’y (:B,y) = Az — ZAy - Z’}/ )

(Example 2.4.3.) Evaluation yields

o 'Y/ K’Y’ B ’7/
d o SRS - f)

dz Ax—0 o
Ay—0 Az

Ax—iAy—iy'
x—iy"/ li € 1

im - —
Az—0 Ax — 1Ay — iy
Ay—0

=€

Ax—iy'
L _
=T Jim ¢ L

—e -

!
—qu” . —a~/
=W lim 2N

Az—0

€

/
ey
— W oY

To recover the z~ representation from the the 27" representation we take
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e — lim ea:fiy“/lefi&? _ exfiy’ 67165 _ ez*€7i65

It follows that

1 = e ™ = cos(—o3) + i sin(—3)

Equating the real and imaginary parts gives

cos(—0) =1 and sin(—o0) =0 .

Therefore,

cos(—o0) = cos(xQ) and sin(—00) = — sin(0)

Sine is an odd function and cosine is an even function.

Theorem 3.2.5

Sine and cosine satisfy the double angle identities at infinity.

Proof

The relevant identities are

sin(2x) = 2sin(z) cos(x) and cos(2z) = 1 — sin?(x)

These identities are satisfied trivially for x = 0.

Remark

We have introduced a rule (Definition 2.4.8) such that the modified variation in the derivative
requires an application of L’Hopital’s where it is not independently motivated. To avoid this,
consider the definition
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We have written the canonical variation of y~ € R as an R number when there is an argument
to be made that the variation of a R number should not have the same form as the variation
of an R number. In the interpretation where R numbers measure magnitude relative to the
origin at infinity, the limit of small variation is

Ay~ —-o0+0 .

To see how a small variation Ay — 0 is in some way equivalent to Ay~ — o0, consider the
composition laws of R+ R and R + 50:

(3o+b)+0=(0+b) , and (50 +1b) +00 = (0 +b)

We find that for R numbers, some of which are R numbers,

lim (50+b)+Az= lim (50+0b) + Az .

Az—0 Ax—30

This is highly relevant because the C representation of C relies exclusively on R numbers to
chart the imaginary axis. For the derivative d/dz~ f(z) in the canonical variation we have
(Example 2.3.8)

Az(z,y”) = Az +iAy~

Therefore,

A:eriAy_ -1

z z :
— " =¢* lim
dz~ Az—0_ Az + 1Ay
Ay~ —0
A
) e — 1
= llm —
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By taking the limit, we have obtained an expression of the indeterminate form oo/oo which
is an ordinary context for L’Hopital’s rule. Application of the rule yields

eiAy’ -1 )

P . K .z . . g

e lim — = —ie® lim e
Ay——30 ZAyJ" Ay——33

Ay~ _ ezei@

The limits of sine and cosine at infinity may be derived from this expression too.
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